In the present work, we compare the thermodynamical viability of two types of noncanonical scalar field models with kinetic corrections: the square kinetic and square root kinetic corrections. In modern cosmology, the generalised second law of thermodynamics (GSLT) plays an important role in deciding thermodynamical compliance of a model as one cannot consider a model to be viable if it fails to respect GSLT. Hence, for comparing thermodynamical viability, we examine the validity of GSLT for these two models. For this purpose, by employing the Unified first law (UFL), we calculate the total entropy of these two models in apparent and event horizons. The validity of GSLT is then examined from the autonomous systems as the original expressions of total entropy are very complicated. Although, at the background level, both models give interesting cosmological dynamics, however, thermodynamically we found that the square kinetic correction is more realistic as compared to the square root kinetic correction. More precisely, the GSLT holds for the square kinetic correction throughout the evolutionary history except only during the radiation epoch where the scalar field may not represent a true description of the matter content. On the other hand, the square root kinetic model fails to satisfy the GSLT in major cosmological eras.
Introduction
Thermodynamical analysis of the gravity theory is an exciting subject of research in the modern cosmological context. A fundamental relation between gravity and thermodynamics was derived in the black hole thermodynamics setting. [1] [2] [3] [4] [5] [6] [7] Initially, most of the thermodynamical studies have been focused only on the stationary black holes. Later on, Hayward introduced an approach which deals with the thermodynamical analysis of a dynamical black hole in the Einstein gravity theory. [8] [9] [10] [11] This approach involves the concept of trapping horizon of a dynamical black hole and also led to an equivalence between Einstein field equations and UFL. However, one must add an extra term called entropy production term for the equivalence to hold in the context of modified gravity theories. 12, 13 It is worth mentioning that the UFL is a very rich concept, it can reduce either to the Bondi energy loss equation, or to the first law of relativistic thermodynamics, or to the first law of thermodynamics for a dynamical black hole depending on the directions where it is projected.
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In addition to the first law of thermodynamics, GSLT is one of the fundamental principles of physical thermodynamics. It is worth noting that the GSLT for a cosmological model should be fulfilled throughout the evolution of the Universe for a model to constitute a perfect thermodynamical system. In the literature, most of the thermodynamical studies for different gravity theories have been performed by using the apparent horizon as a boundary. Furthermore, while the thermodynamical system on the apparent horizon behaves like a physical Bekenstein system, it is unphysical on the event horizon in the standard gravity theory.
14 However using various alternative formulations of the Hawking temperature, it was found that Universe bounded by an event horizon forms a perfect thermodynamical system in the Einstein gravity. 15, 16 Recently, there are extensive work on thermodynamical analysis in different gravity theories including f (R)-theory, [17] [18] [19] f (G)-theory, 20 scalar-tensor theory, 21, 22 Lovelock theory, 13, 23 braneworld theories, 24 general relativity based non-canonical scalar field models.
25, 26
One of the difficult tasks in analyzing the thermodynamical system is to define the entropy and temperature on the surface of a trapping horizon. In general, these are derived from the black hole thermodynamics in the framework of standard gravity theory, but it is not so in the modified gravity context. There are various forms of temperature used in the literature. One of the well-known form of the horizon temperature is the extended Hawking temperature which plays a vital role in making perfect Bekenstein system in different gravity theories. Note that the extended Hawking temperature is a generalization of the Hayward-Kodoma temperature and the Cai-Kim temperature. 7, 27, 28 In the literature, the validity of GSLT has been studied by extracting the thermodynamical parameters (extended Hawking temperature and modified entropy) from the UFL in different gravity theories on apparent/event horizon. [15] [16] [17] [28] [29] [30] [31] [32] [33] They found that by employing the UFL, the validity of various thermodynamical laws is improved for the Universe bounded by any dynamical horizon irrespective of the choice of the cosmic fluid on the horizon. These interesting results motivate us to study the validity of GSLT in some class of non-canonical scalar field models for the Universe bounded by event/apparent horizon using an extended Hawking temperature and modified entropy derived from the UFL.
The non-canonical scalar field models are widely studied in the literature as the contenders of dark energy (DE). The main advantage of a non-canonical scalar field model is that it can solve the coincidence problem without any fine-tuning issues. 34 In the present work, we shall consider two types of non-canonical scalar fields correspond to the square and square root kinetic corrections of the canonical Lagrangians. The cosmological evolution of these two models at the background level has been studied earlier for the exponential potential 35 and later extended to a various class of scalar field potentials. 36 It is important to note that both models lead to interesting phenomenology at early and late times in comparison to the standard canonical case. It is worth noting that even though these non-canonical models exhibit interesting cosmological behavior, it cannot be considered viable if it fails to satisfy fundamental thermodynamical laws. Further, it is known that the thermodynamical non-compliance is one drawback of quintessence models.
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Therefore, we anticipate that the kinetic corrections of the quintessence field might somehow alleviate this shortcoming. Motivated by these facts, in this work, we shall investigate the validity of the GSLT for these two types of kinetic correction scalar field models. For this, we shall use the extended Hawking temperature at the surface of the horizon and modified entropy derived by projecting the UFL along the tangent vector to the horizon. The main purpose of the present work is to thermodynamically compare the square kinetic and square root kinetic models, particularly with respect to the validity of GSLT.
The paper is organized as follows: In Sec. 2, we present the basic cosmological equations of the kinetic correction non-canonical scalar field model. Next, in Sec. 3, we extract the modified horizon entropy from the UFL. In Sec. 4, we discuss the validity of GSLT on the apparent and event horizons for two non-canonical scalar field Lagrangian. Finally, in the last section, we discuss the conclusion of the present work.
In the present work, we shall consider units where 8π = 1, G = 1 and use (−, +, +, +) signature convention of the metric.
Non-canonical scalar field model and basic cosmological equations
The general action of a minimally coupled scalar field model can be written as
where g, R, L m and L φ denote the determinant of the metric g µν , the Ricci scalar, the matter Lagrangian and the scalar field Lagrangian respectively. In this work, we specifically focus on the non-canonical scalar field Lagrangian of the form
where V stands for the potential of the scalar field φ and f is an arbitrary function of B with
Clearly, one can recover the canonical case for f (B) = B − 1. In the literature such scalar field model has been extensively studied as an alternative model of dark energy which is well motivated from high energy physics. 38, 39 From the observational point of view, we shall consider a spatially flat, homogeneous and isotropic FRW universe [40] [41] [42] 
with R = a(t)r denotes the area radius (a(t) is the scale factor with cosmic time t),
2 is the 2-space metric with a, b = 0, 1 and x 0 = t, x 1 = r. Varying action (1) with respect to the above metric tensor (4), one can obtain the Friedmann and acceleration equation respectively as
where H =ȧ/a is the Hubble parameter, an overdot denotes the derivative with respect to the cosmic time t. Also, ρ m and p m are the energy density, pressure of the matter respectively which are related as p m = wρ m with w as the matter equation of state (−1 ≤ w ≤ 1). Further, ρ φ and p φ are the energy density and pressure of the scalar field given by
Note that for f = constant, the EoS of a scalar field is w φ = p φ ρ φ = −1. In other words the scalar field model behaves as a cosmological constant for constant f . Now, taking the variation of action (1) with respect to φ yields
In order to better understand the cosmological dynamics described by Eqs. (5)- (9) in detail, one must specify the function f . In the present work, we consider the power-law kinetic corrections to the canonical scalar field case given by the function and hence the corresponding scalar field Lagrangian can be written as
where γ, n are two real parameters which is well defined only for n > 0. Here, the parameter n gives correction to the canonical case. The main motivation for considering this Lagrangian is to obtain rich phenomenology compared to the canonical case. While for n > 1, one can recover canonical case at the late time but modifies the early dynamics, n < 1 modifies both the early and late time dynamics. However, for n = 1 case, the dynamics resembles that of the canonical scalar field after some field redefinition. Further, if one assumes n > 1 2 and γ ≥ 0, then for the present kinetic correction model, the scalar field energy density and speed of sound are both positive, therefore physically viable. 35 Hence, the case of n = 1 2 being the limiting case is of particular interest. For higher-order corrections (n > 2), the corresponding background cosmological equations are very complicated and the analysis is almost impossible to handle even by numerical techniques. Hence, the choice n = 2 is the simplest choice which results in a little complicated background dynamics but still sufficiently simple to handle. Thus, from the mathematical as well as a physical point of view n = 1 2 and 2 seem to be the natural choice. The background dynamics of the square kinetic correction (n = 2) with exponential potential has been first studied by Piazza and Tsujikawa in Ref., 39 but the complete dynamical system analysis for both the kinetic correction models (n = 2, 1 2 ) has been performed by Tamanini in Ref. 35 Subsequently, Dutta et al. 36 extended this analysis to various classes of scalar field potentials. It was indeed found that the kinetic correction models (n = 2, 1 2 ) are sufficiently simple to handle but also complicated enough in comparison to the canonical case leading to new interesting cosmological dynamics at both the early and late times. In the present work we shall consider the case of n = 2 and 1 2 separately for thermodynamical compliance: For the square kinetic correction (n = 2), the early time dynamics is completely different from the canonical one. For instance, the scalar field kinetic dominated solutions are replaced by a dark matter or radiation dominated solutions, which is in better agreement with observations. Therefore, this model can successfully describe the universe at both the late times (when dark energy dominates) and early times (when dark matter dominates).
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In the square root kinetic case (n = 1 2 ), the early time dynamics are similar to the canonical case, although super-stiff solutions (w eff > 1) always appear. However, at late time this model is found to exhibit a quintom behavior and hence is consistent with the latest astronomical observations favoring the crossing of phantom divide line (w eff < −1), 35 even though w eff = −1 lies inside the two-sigma confidence limit. The energy density (7) corresponds to the Lagrangian (11) becomes
We note here that the Friedmann equation (5) can be rewritten as
where
and Ω m = ρm 3H 2 are the scalar field energy density parameter and energy density parameter of matter respectively.
In order to determine the evolution of the present model, one can convert the above cosmological equations into an autonomous system of differential equations with the help the following dynamical variables introduced in 35 , 36
Therefore, using the dimensionless variables (14), the cosmological equations (5)- (9) associated with the kinetic correction term (10) can be written as following autonomous system of equations:
and N = ln a .
In Sec. 4, we shall use the above autonomous system in order to test the validity of GSLT for two types of kinetic corrections: the square kinetic corrections i.e. n = 2 and the square root kinetic corrections i.e. n = 1 2 , bounded by the apparent and event horizons separately. By employing the dynamical variables (14) and the constraint equation (13), one can rewrite the energy density parameters as Further the effective equation of state w eff is given by
We note here that as obtained in Ref. 35 for the square kinetic correction model we shall consider the case where γ > 0 as it is physically viable (i.e. the adiabatic sound speed is positive). However, the square root kinetic correction model is found to be not physically viable in some region of the phase space, if γx 1 < 0. Despite this drawback, it provides interesting cosmological scenarios such as de-Sitter solution, early time matter dominated solution, scaling solution, phantom dominated solution etc. 35, 36 For instance, they can provide interesting cosmological scenarios such as de-Sitter solution, early time matter dominated solution, quintessence like solution, scaling solution, superstiff and phantom dominated solution. 35, 36 However, some of the cosmic evolutions exhibit by these models are generically plagued with some perturbational instabilities. Nevertheless, there might be alternative descriptions of nature that produce similar background dynamics (see for e.g Ref. 44 ), thereby still making the thermodynamical analysis of this paper physically relevant. The interesting background cosmological features of these non-canonical scalar field models motivate us to analyze the viability of these models from the thermodynamical perspective. For the thermodynamical analysis, we shall use the extended Hawking temperature and the modified entropy as it improves the condition for the validity of GSLT. Therefore, in the next section, we shall derive the modified entropy from the UFL.
Horizon entropy from the Unified First Law
In the framework of universal thermodynamics, Hayward was the first to propose the UFL in order to study the thermodynamical features of a dynamical black hole in the Einstein gravity theory. [8] [9] [10] [11] He introduced the concept of trapping horizon of a black hole in the Einstein gravity for spherically symmetric spacetimes and subsequently established the equivalence relation between Einstein field equations and the UFL. It is worth to note that the projection of the UFL along the trapping horizon yields the first law of thermodynamics for the dynamical black hole.
12, 13, 45
From the thermodynamical and cosmological point of view, our homogeneous and isotropic FRW Universe can be treated as a non-stationary spherically symmetric spacetime with inner trapping horizon only, coinciding with the apparent horizon. Hence, it is possible to study the thermodynamical laws associated with FRW based models using UFL.
In terms of the double null coordinates (ξ ± ), the FRW line element (4) can be written as 
are the future pointing null vectors. From the definition of surface gravity (κ X ), one can obtain its expression for any horizon X having radius R X as
In the above expression the suffix X denotes the type of horizon i.e., X = A for the apparent horizon or X = E for the event horizon and =Ṙ 
Now the modified Friedmann Eqs. (5) and (6) can be written as
where ρ t = ρ m + ρ φ and p t = p m + p φ are the total energy density and the thermodynamic pressure. The energy supply vector or energy flux ψ and the work density W are defined as
where T ab is the energy momentum tensor. Therefore, for the above modified Friedmann Eqs. (26) and (27) , the expression of W and ψ become
Now Eq. (26) i.e. the (0,0) component of the modified Einstein's field equation can be written in the form of the UFL 8-10
where E X is the total energy on the horizon of radius R X , whose volume is V X and surface area is A X . On projecting the Eq. (31) along the tangent vector (ξ X ) to the surface of the horizon, the UFL reduces to the first law of thermodynamics at the horizon which takes the form 12, 13, 45 It is noted that as the heat flow δQ is obtained by projecting the pure matter energy supply A X ψ m on the horizon, using Clausius relation (i.e. δQ = T X dS X ) we get
Now using Eqs. (25), (30) and (33), δQ can be written explicitly as
In (r,t) coordinates, the tangent vector along the apparent (i.e. ξ A ) and event horizon (i.e. ξ E ) can be respectively written as
On comparing with the Clausius relation, the entropy on the apparent/event horizon (obtained by integrating its differential form) can be written as
respectively. It can be seen from Eqs. (36), (37) that the entropy on both the horizons (apparent/event) is nothing but the usual Bekenstein entropy together with a correction term in the integral form. Using these horizon entropies, GSLT has been extensively studied on the apparent and event horizons in different gravity theories. 29, 33 It is worth noting that modified horizon entropy obtained from UFL along with the associated extended Hawking temperature usually leads to a realistic thermodynamical system for various gravity theories on both the horizons. Thus, in the next section, we shall analyze the thermodynamical behavior of the two noncanonical scalar field models by examining the validity of GSLT using modified horizon entropy and temperature extracted from the UFL.
Thermodynamical analysis
In this section, we derive the rate of change of the total entropy and then examine the validity of GSLT for the square and square root kinetic corrections. It is well known from the GSLT that the total entropy (S T ) of a physical system must be a non-decreasing function of time i.e.Ṡ T ≥ 0. The total entropy is actually the sum of horizon entropy (S h ) and entropy of the fluid inside the horizon (S f ). The entropy of the fluid (i.e. a barotropic matter, S f = S m ) inside the horizon can be extracted from Gibb's equation given by
where T m is the temperature of the fluid. In the present work, we assume that temperature of matter inside the horizon and on the horizon are approximately equal by the local equilibrium hypothesis. [45] [46] [47] [48] [49] [50] It is worth mentioning that this hypothesis remains as a conjecture which holds only in a very ideal cosmological setup, as the temperature of the matter content and that of the horizon evolve under different laws almost throughout the expansion history of the Universe. In particular, the hypothesis may not hold during the early radiation era, as the temperature of cosmic microwave background differs from that of the horizon by order of 31. Therefore, the motivation for considering this hypothesis is to avoid the mathematical complexity associated with the non-equilibrium thermodynamics. However, the following results still imply that the hypothesis cannot be completely discarded:
• Thermal equilibrium still might occur at the late times, when the matter component and the horizon will interact for a long time. In Ref.
, 51 it was found that the temperatures of non-relativistic matter and DE might approximately be in equilibrium with that of the horizon. If the equilibrium is reached, then it will stay practically so in the near future. Hence, we have to keep in mind that our results hold in the matter and DE dominated era of the universe.
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• The heat flow contribution between the horizon and matter fluid in GSLT is negligible (of the order 10 −7 ) and hence the local equilibrium thermodynamics is still preserved.
52
• If the temperature of matter and the horizon differs then there is a spontaneous flow of energy between the horizon and matter (vice versa) which in turn may deform the FRW geometry.
46
• Further as the expression of dark energy temperature is unknown, the assumption of local equilibrium hypothesis is quite economical for analyzing the validity of GSLT.
Hence, the local equilibrium hypothesis is not unjustified. By assuming this hypothesis, the rate of change of the matter entropy on the horizon (Ṡ m ) is given byṠ
On employing the extended Hawking temperature (25) in Eq. (39) and adding with the time derivative of Eqs. (36)/ (37), we obtain total rate of change of entropy at the apparent (Ṡ TA )/ event (Ṡ TE ) horizon respectively aṡ
As mentioned earlier for the validity of GSLT, we must haveṠ TX ≥ 0 on any dynamical horizon. In order to comprehend this, with the help of the governing autonomous system (15)- (17) by taking a concrete choice of kinetic correction terms on the apparent and event horizons separately.
GSLT with square kinetic corrections
This section will be devoted to the study on the validity of GSLT for the square kinetic corrections scalar field. Therefore, the kinetic correction function f takes the form f = B − 1 + γB 2 . Thus, in this case, the scalar field energy density parameter (Ω φ ), the energy density parameter of matter (Ω m ) and the effective EoS parameter are respectively given by
With the help of the governing autonomous system (15)- (17), the evolutionary behavior of Ω φ , Ω m , and w eff against redshift z = a0 a − 1 is given in Fig. 1(a) . Here, a 0 denotes the present value of scale factor and it is taken to be unity. It is worth mentioning that for all numerical computations, we have estimated the choice of initial conditions in such a way that the evolution of the Universe is consistent with the present observational data (Ω m = 0.3, w eff = −0.7).
42 It can be seen from Fig.  1(a) that the Universe evolves from a scalar field dominated era which effectively scales as radiation (w eff = 1 3 ) and then evolves towards a matter dominated era (w eff = 0) before it finally settles as a cosmological constant (w eff = −1). Thus the square kinetic correction model describes a true description of the Universe at the background level. It is therefore interesting to discuss the validity of GSLT on the apparent and event horizons separately during these significant cosmological eras.
Case-I: Apparent Horizon
Here, the expression of GSLT (40) for the square kinetic correction model can be expressed in terms of dynamical variables (14) as follows 
We note here that the quantity HṠ TA of Eq. (45) is dimensionless as the right hand side is a combination of dimensionless variables. Further, Ω m can also be written in terms of dynamical variables (14) by using Eq. (43) . It is worth mentioning that as Fig. 1. (a) The evolution of Ω φ , Ωm, w eff versus z for the square kinetic correction model. The evolution of GSLT versus z on the apparent horizon in (b) and event horizon in (c). Here, we consider a scalar field potential V = V sinh −α (λφ) with w = 0, γ = 1, α = −2, λ = 0.5.
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Thermodynamics of scalar field models with kinetic corrections 13 we consider expanding Universe (H > 0), the validity of GSLT is equivalent to the condition HṠ T X ≥ 0 for any horizon X. Comparing Fig. 1(b) with Fig. 1(a) , we see that the GSLT does not hold during the radiation domination but it is satisfied during the matter and dark energy dominated epoch. Note that at the late time the present model evolves adiabatically as a de-Sitter Universe (i.e.Ṡ T A = 0 and w eff = −1). Further, we have checked that for a wide range of parameters values γ, α, λ (γ > 0) the qualitative behavior of the system hardly exhibits any change. Hence, we present only one plot to determine the validity of GSLT which corresponds with the initial conditions used in Fig. 1(a) . Although, in this case, there is a thermodynamic non-compliance during the early radiation era, the square kinetic model still has a scope for a viable model of the Universe. This is because the scalar field may not model correctly the radiation era. Hence, the present model describes as a good thermodynamical system on the apparent horizon especially during the main cosmological epoch.
Case-II: Event Horizon
The radius of the event horizon (R E ) is given by
where a and t are the scale factor and the cosmic time respectively. The above integral converges only if a(t) ∼ t m for m > 1 i.e. event horizon exists only in the accelerating Universe. From Eq. (46) we geṫ
In order to determine the validity of GSLT, we shall introduce another dynamical variable x 4 = HR E whose corresponding evolution equation is given by
Now using dynamical variables (14) together with x 4 , one can rewrite expression of GSLT (41) for the event horizon as
Using the autonomous system (15)- (17) together with Eq. (48), we check the validity of GSLT on the event horizon numerically using Eq. (49) (see Fig. 1(c) ). It can be seen by comparing Figs. 1(a) and 1(c) that the GSLT holds only during the DE domination but fails to satisfy during the early radiation and matter domination. Hence the square kinetic correction model behaves as a perfect thermodynamical 
GSLT with square root kinetic corrections
In this section, we examine the validity of GSLT for the square root kinetic corrections of canonical scalar field Lagrangian on apparent and event horizons separately (i.e. n = 1 2 ). Therefore, the corresponding scalar field Lagrangian (11) become
In terms of the dynamical variables (14) , the scalar field energy density parameter, the energy density parameter of matter and the effective EoS parameter are respectively given by
As in the previous section, we can solve the autonomous system of equations (15)-(17) numerically and one can obtain the evolutionary behavior of Ω φ , Ω m and w eff for square root kinetic corrections model as shown in Figs. 2(a)  and 3(a) . Depending on the choices of parameter values, it can be seen that the Universe starts to evolve from a stiff matter domination (w eff = 1) towards a matter domination (w eff = 0) and then eventually evolves either towards a cosmological constant (w eff = −1) [see Fig. 2(a) ] or phantom dominated era (w eff < −1) [see Fig.  3(a) ]. As mentioned earlier, even though this model is plagued with some instability problems, however, we proceed ahead with the study of thermodynamical evolution as this model can lead to interesting dynamics at the background level as in the case of some other physically consistent model. 44 Thus in what follows, we check the validity of GSLT of the square root kinetic correction model on the apparent and event horizons separately.
Case-I: Apparent Horizon
In this case, the expression of GSLT (40) can be written as
The validity of GSLT (54) both the matter and DE dominated era. Hence, the present model cannot represent a perfect thermodynamical system on the apparent horizon. Further, it can be seen that at the early times the rate of change of entropy shows some singularity behavior. This pathological behavior associated with the GSLT actually occurs when w eff = 1 3 which makes the denominator of Eq. (54) to vanish. This is expected as during the radiation era, the scalar field along with pressureless matter may not represent the matter content correctly.
Case-II: Event Horizon
As in the previous section, we consider another variable x 4 = HR E to check the validity of GSLT whose corresponding evolutionary equation is given by
The expression of GSLT (41) on the event horizon in terms of variables x i 's (i = 1, 2, 3, 4) can be written as
From Figs. 2(c) and 3(c) one can determine the validity of the GSLT for this model on the event horizon. It can be seen that GSLT is satisfied only for DE dominated era and also during the earlier and late parts of the dark matter dominated era. Therefore, the present model represents a perfect thermodynamical system during the late time Universe on the event horizon. Hence, from the thermodynamical perspective, the present model is more viable on the event horizon in comparison to the apparent horizon. Again, like the apparent horizon case, here also same pathological behavior associated with the GSLT occurs which corresponds to w eff = 1 3 . We have also checked that similar feature is also obtained for various choices of model parameters. Thus, one can see that the square kinetic correction model is stronger in comparison to the square root correction from the thermodynamical perspective, at least during the matter and late time DE period.
Conclusion
The non-canonical scalar field models usually provide interesting cosmological dynamics in comparison to the standard canonical one, for e.g. the alleviation of cosmic coincidence problem, the crossing of phantom divide line, etc. Despite, these interesting observational features of the model, one cannot consider a model to be viable if it fails to respect thermodynamical laws. As far as thermodynamical analysis is concerned, modified horizon entropy and extended Hawking temperature usually yield a perfect thermodynamical system in different gravity theories. With this motivation, in this work, we have investigated the validity of GSLT for two For the thermodynamical analysis, we have used extended Hawking temperature and extracted modified entropy by projecting the UFL on the direction of the tangential vector to a surface of the horizon. Due to the complicated expression of the GSLT, we have examined its validity by solving the autonomous system (15)- (17) numerically. For the case of square kinetic corrections, we found that GSLT does not hold during a radiation dominated era on both the horizons. During the matter-dominated era, while the GSLT is satisfied only on the Universe enveloped by the apparent horizon, it fails on the event horizon. However, the GSLT is satisfied on both the horizons during the DE dominated era (cf. Figs. 1, 2) . On the other hand, for the case of square root kinetic corrections, we found that GSLT holds during an early stiff matter dominated era in both the horizons. During the matter-dominated era, the GSLT is not satisfied on both the horizons. However, during the DE dominated era, the GSLT is satisfied only on the event horizon but not in the case of apparent horizon (cf. Fig. 3) .
The square kinetic model can describe the interesting cosmological sequence: radiation → matter → DE (cf. Fig. 1(a) ). Although this result is interesting at the background level, it may not be viable from the thermodynamical perspective (cf. Fig. 1(b) ). However, there is some scope for this model to be viable as the scalar field may not represent a true radiation component. On the other hand, for the case of square root kinetic correction, the model is not thermodynamically compliant in the matter and DE dominated eras in spite of having interesting background dynamics.
In summary, we see that thermodynamically, the square kinetic correction model is more realistic as compared to square root kinetic correction model at least during the matter and late time DE epoch. It may be noted that our analysis supports the previous results on the cosmological background dynamics of these models. Further, our analysis put further constraints on the viability of the model besides the constraints imposed due to the instability issues presented in Ref. 35 We note here that we have used the local equilibrium hypothesis, however, one can obtain a more vigorous result if non-equilibrium thermodynamics is considered. Further, it is worth mentioning that in this work, we have solved the autonomous system (15)-(17) numerically to examine the thermodynamic compliance. The complete analysis of the autonomous system using dynamical system applications in cosmology 53 may give a general conclusion (independent of initial conditions) on the thermodynamic viability of a model. This can be interesting future work. Lastly, a full cosmological perturbation analysis to extract interesting observational signatures against astronomical data are the next logical step to test the viability of these models. We leave it for future work. 
